We study excitations of the predicted antiferromagnetically ordered vortex cores in the superconducting phase of the newly proposed SO͑5͒ model of strongly correlated electrons. Using experimental data from the literature we show that the susceptibilities in the spin sector and the charge sector are nearly equal, and likewise for the stiffnesses. In the case of strict equality SO͑5͒ symmetry is possible, and we find that if present the vortices give rise to an enhanced neutron scattering cross section near the so called resonance at 41 meV. In the case of broken SO͑5͒ symmetry two effects are predicted. Bound excitations can exist in the vortex cores with ''high'' excitation energies slightly below 41 meV, and the massless Goldstone modes corresponding to the antiferromagnetic ordering of the core can acquire a mass and show up as core excitation with ''low'' excitation energies around 2 meV. ͓S0163-1829͑99͒10605-2͔
I. INTRODUCTION
Inspired by the discovery of a sharp antiferromagnetic resonance, later denoted the resonance, in neutron scattering experiments on the superconducting phase of YBa 2 Cu 3 O 7 at (,) in the reciprocal space 1,2 a new idea was introduced a year ago in the search for a theory of the high-T c superconductors. Within the framework of the t-J limit of the Hubbard model 3, 4 it was shown theoretically already three years ago 5 that the resonance could be explained in terms of a new collective mode in the particle particle channel of the model, and that this mode is intimately connected with the symmetry of the superconducting gap. Pursuing the symmetry aspects of the problem Zhang proposed a theory combining antiferromagnetism and superconductivity by symmetry arguments. 6 The operators responsible for the resonance was identified with the six generators of rotation between the antiferromagnetic state and the superconducting state. Furthermore, it was proposed that the phase diagram of the cuprates can be understood as a competition at low temperatures between d-wave superconductivity and antiferromagnetism of a system which at higher temperatures posses SO͑5͒ symmetry. The group SO͑5͒ is sufficiently large to accommodate both the gauge group U͑1͒ ͓ϭSO(2)͔ which is broken in the superconducting state, and the spin rotation group SO͑3͒ which is broken in the antiferromagnetic state. In the simplest version the transition between the two ordered states is controlled by one parameter-the chemical potential for holes in the otherwise half-filled quadratic lattice of spin 1/2 fermions. The idea has generated a lot of discussion among theorists, [7] [8] [9] [10] and no consensus on the matter has emerged.
We shall not enter this discussion here. Rather we will take the approach of assuming the model to be a fair description of the high-T c materials and derive experimental consequences, which can be tested in the laboratory. Arovas et al. 11 have pointed out that in the vortex cores of fluxoids in the superconducting state the order parameter will escape into the antiferromagnetic subspace, meaning that in these cores we have local antiferromagnetic moments instead of a simple featureless normal metal core. This unique prediction of the SO͑5͒ model should in principle be quite simple to verify experimentally. However, preliminary measurements 12 where one looked for Bragg-scattering from these moments belonging to the vortex cores did not produce any signal. This is perhaps not so surprising, since each of the vortex cores will form a one-dimensional magnet ͑along the c axis͒ and at finite temperatures such a system does not form long range order, and no Bragg peak is to be expected.
In this paper we are going to pursue the idea that in each copper-oxide plane small islands of antiferromagnetically ordered spins exist associated with the vortices generated by an external magnetic field. The direction of the spins in these islands will not be very strongly correlated from layer to layer and from island to island. In one island, however, there should exist excitations of the spins, a kind of bound spin wave modes or size quantized magnons. Using samples in the under-doped regime of the superconducting phase, where the proximity of the antiferromagnetic phase stabilizes the antiferromagnetic vortex cores, 11 one should be able to pick up these core excitations in inelastic neutron scattering measurements. The modes can be classified according to the approximate symmetry: Two zero-energy or ''low'' energy Goldstone modes whose existence is guarantied by the exact spin rotation symmetry, and two resonances or weakly bound ''high'' energy modes related to the resonance arising form the approximate SO͑5͒ symmetry allowing for rotations between the d wave superconducting phase and the antiferromagnetic phase. Based on experimental data taken from the literature we discuss in Sec. II the SO͑5͒ model and its parameters. The values of the susceptibilities and the stiffnesses in the charge sector and the spin sector are found to be nearly equal, a remarkable fact supporting the SO͑5͒ model. In Sec. III we set up the calculation for excitations of the vortex core. In the isotropic case we show analytically that the Goldstone modes of the vortex core indeed have zero energy, and that the vortex indeed generates a resonance reminiscent of the resonance at the bottom of the continuum. In the anisotropic case the Goldstone modes remains massless, but for certain anisotropies the resonance can be transformed into a bound state localized at the vortex. Treating the external fields more accurately introduces symmetry-breaking terms in the Hamiltonian and results in finite masses to the Goldstone modes. This will be discussed in Sec. IV. Concluding remarks are contained in Sec. V.
II. THE SO"5… MODEL AND ITS PARAMETERS
In the SO͑5͒ model the relevant order parameter is a real vector n in a five dimensional superspin space with a length which is fixed at low temperatures, nϭ͕n 1 ,n 2 ,n 3 ,n 4 ,n 5 ͖, ͉n͉
This order parameter is related to the complex superconductor order parameter, , and the antiferromagnetic order parameter, m, in each copper-oxide plane as follows:
ϭ f e i ϭn 1 ϩin 5 , mϭ͑n 2 ,n 3 ,n 4 ͒. ͑2͒
In Ref. 6 Zhang argued how in terms of the five dimensional superspin space one can construct an effective Lagrangian L(n) describing the low energy physics of the t-J model. In the absence of external electromagnetic fields it takes the form
where the indices run from 1 through 5. The generalized susceptibilities, , fall in three groups: c ϵ 15 connecting the charge sector ͕n 1 ,n 5 ͖ with itself, s ϵ 23 ϭ 24 ϭ 34 connecting the spin sector ͕n 2 ,n 3 ,n 4 ͖ with itself, and ϵ 1 (2, 3, 4) In the charge sector the stiffness is found from Eq. ͑6͒ to
The measured London length, L , 
readily gives c Ϸ18 meV. The susceptibility c , however, is not directly measurable. Rather we shall use the relation c ϭ c /v c 2 , where v c is the sound velocity of the electron liquid. In ordinary superconductors the Goldstone sound mode is rendered massive by the Anderson-Higgs mechanism and turned into a plasmon mode, 22 but as a theoretical concept it can be calculated, and the corresponding sound velocity is found to be of the order of the Fermi velocity, v F . Detailed studies 13, 23 have shown that the dispersion relation for quasi particles moving around on the lattice of the t-J model at low doping near half filling is governed not by t but is renormalized t*ϷJ. Using the dispersion relation ͑3.15͒ of Ref. 13 
III. VORTICES AND CORE EXCITATIONS IN THE SO"5… MODEL
In Ref. 11 the vortex solutions to the isotropic SO͑5͒ model have been studied in great detail. To study the anisotropic case we are going to use a different method. To establish our method and notation, we will start out in Sec. III A by deriving some of the known results for the isotropic case, before in Sec. III B we continue with the anisotropic case.
A. Vortices and resonances in the isotropic case
In the symmetric version of the SO͑5͒ model the generalized susceptibilities and stiffnesses are isotropic in superspin space, and the only symmetry breaking terms are quadratic terms governed by the chemical potential and the phenomenological constant g chosen such that superconductivity is favored. The external electromagnetic fields will now be included through the vector potential A. However, in this section we only keep the interaction with the part of the order parameter this being the dominating part of the external fields. In Sec. IV A we will include the Zeeman interaction between A and the m part of the order parameter and demonstrate explicitly that this only leads to minor changes. In this approximation the Lagrangian L iso then has the form
where c is the lattice constant perpendicular to the copperoxide planes and c 0 the speed of light. For later convenience we have incorporated the constraint Eq. ͑1͒ through the Lagrange multiplier . Using dimensionless polar coordinates (s,), with sϵr/, centered at the origin of the vortex core, we seek solutions of the form
where e ␤ is an arbitrary unit vector in (n 2 ,n 3 ,n 4 )-space ͑equivalent to real space͒ taken to be (0,1,0) in the following, while e is the azimuthal unit vector. The EulerLagrange equation for yields the constraint 
The Euler-Lagrange equation for ␣(s) becomes
Equations ͑15͒ and ͑16͒ are solved by the numerical shooting method 11 and yields f (s) and ␣(s). Introducing the ''effective potential'' V 0 (s) as the righthand side of equation Eq. ͑14͒,
we can use the solution of f (s) to determine V 0 (s), which in turn results in the Euler-Lagrange equation for m of the form
Naturally, by construction, Eq. ͑18͒, is automatically fulfilled using m(s)ϭͱ1Ϫ f (s) 2 , but for the forthcoming studies of core excitations it is useful to think of the static core as corresponding to the zero energy solution of the Schrödinger-like equation Eq. ͑18͒ where V 0 (s) clearly plays the role of an effective potential. For the same reasons we rewrite Eq. ͑15͒ for f (s) by the use of Eq. ͑17͒ for V 0 (s):
Thus having established the notation and found the static vortex solutions we now turn to the problem of finding ex-citations in the vortex core. We denote the static vortex solution by n 0 . Due to the SO͑3͒ symmetry in the spin sector we are free to choose the direction of m at will. In anticipation of the treatment in Sec. IV A where an external magnetic field in the z direction forces m to lie in the xy plane we choose mϰe y , i.e., only the second of the three m components of n 0 is nonzero:
We seek excitations ␦n which are of lowest order in the deviations ␦ and ␦m. These turns out to be perpendicular to n 0 , i.e., ␦nϰe x or ␦nϰe z or linear combinations thereof, and hence of the form ␦n x ϭ͕0,1,0,0,0͖␦m, ␦n z ϭ͕0,0,0,1,0͖␦m,
͑21͒
␦mϭ␦m nl ͑s͒e il e Ϫit .
Throughout this work we are dealing with cylindrical symmetric vortices, so the excitations are characterized by the angular momentum l and the radial index n. Of course, ␦n is not a complex vector, so the notation exp(il) is merely a short hand notation for either cos(l) or sin(l). The Lagrangian is now written to second order in ␦n as Lϭ L iso (0) (n 0 )ϩL (2) (␦n). The explicit form of the second order term is
͑22͒
Assuming solutions ␦n of the form given in Eq. ͑21͒ the Euler-Lagrange equation for ␦m nl (s) then takes the form of the following eigenvalue equation:
Using the approximate SO͑5͒ symmetry we can immediately find two analytical solutions ␦m 00 and ␦m 01 to Eq. ͑23͒. Due to the exact spin rotation symmetry it does not cost any energy to rotate the order parameter n 0 of Eq. ͑20͒ in spin space. Rotating n 0 a small angle ␦ in the (n 3 ,n 4 ) plane produces the deviation ␦n 00 ϭ͕0,0,0,␦m(s),0͖. If the trial solution ␦m 00 (s)ϰm(s) is used ͑note that lϭ0), we see from Eq. ͑18͒ that as expected Eq. ͑23͒ is satisfied with ϭ0. Thus in the the effective potential description the ground state vortex configuration corresponds to a zero energy and zero angular momentum mode. The second solution is found by rotating between the charge sector and the spin sector. In a perfect SO͑5͒ symmetric model such a rotation does not cost any energy. However, one central idea in the SO͑5͒ model of high-T c superconductors is that the SO͑5͒ symmetry is only approximate. It costs a finite energy to rotate between the spin and charge sectors. Experimentally this is reflected by the 41 meV resonance, and theoretically by the symmetry breaking term 
͑24͒
It is seen from Eq. ͑19͒ that this equation is indeed satisfied by f (s) if ϭ1 and if the additional potential ␣(2Ϫ␣)/s 2 can be neglected. It turns out that the large value of the Ginzburg-Landau parameter, Ӎ84, indeed does make the additional potential negligible. Numerical calculations show ␣(2Ϫ␣)/s 2 Ͻ0.001 ͑for any value of s) which is much smaller than V 0 (s)Ӎ1 and ϭ1. The approximate nature of the solution is not surprising, since the external magnetic field does in fact break the SO͑5͒ symmetry by coupling only to the (n 1 ,n 5 ) components of the order parameter. However, the larger a value of the weaker this symmetry breaking appears, and in the limit of infinite the approximate solution becomes exact. Since the ground state energy is set to be zero as the zero energy mode, the excitation energy of the ␦m 01 resonance is given by ϭ1, or going back to frequency: ϭ ͱ Ϫg /, which is in accordance with that of the resonance given in Ref. 6 .
In conclusion we note that both ␦m 00 and ␦m 01 contains no radial nodes, hence the notation nϭ0. Any other excitation or resonance would contain more nodes and thus have higher energies. Since ␦m 01 corresponds to a resonance at the bottom edge of the continuum we can infer that for the isotropic case no bound collective excitations exist in the antiferromagnetic vortex core.
B. Vortices and excitations in the anisotropic case
We now turn to the anisotropic case. As discussed in Sec. II s Ϸ c and s Ϸ c . In the following we therefore study the consequences of anisotropies arising from s ϭ c and s ϭ c :
␦ ϵ⌬/, ␦ ϵ⌬/.
These anisotropies are not known experimentally, and it is part of our work to establish a method to measure it. We begin by finding constraints on them. The stiffness has to be a positive number, i.e., ϭ(1ϩ␦ )Ͼ0 or ␦ ϾϪ1. The susceptibility is related to the resonance and to the coupling strengths g and g . Defining ␥ϵ(gϪg 0 )/g, where the subscript 0 refer to the isotropic case, we can estimate ␥ using the values listed in Table I and find ␥Ӎ1.014. The relation between g and g 0 can be written as
To ensure the superconducting phase it is mandatory to have g Ͻ0 and hence from the enumerator in Eq. ͑26͒ that 1 Ϫ(1ϩ␦ )␥Ͻ0 or Ϫ0.014Ͻ␦ . This constraint is listed in Table I . The Lagrangian L ani ϭL iso ϩ⌬L in the anisotropic case differs from the Lagrangian L iso in the isotropic case by ⌬L containing terms proportional to the anisotropies ␦ and ␦ . The Euler-Lagrange equations for f, m, and ␣ corresponding to L ani become
It is seen how the anisotropy leads to more nonlinear terms in the differential equations. Using the same numerical methods as in Sec. III A we study the static vortex cores for various values of ␦ and ␦ . Some results are shown in Fig.   1 .
In the isotropic case the static vortex core led to an effective potential description with V 0 (s) defined as the righthand side of Eq. ͑14͒. Similarly, for the anisotropic case we now define an effective potential V(s) as the right-hand side of Eq. ͑28͒ which then satisfies the equation
V(s) can be expressed in terms of f by using m 2 ϭ1Ϫ f 2 , and thus it can be found by solving Eqs. ͑27͒ and ͑29͒. Due to the anisotropy the effective potential and hence the excitation spectrum changes. The effective potential for some anisotropy parameters are shown in Fig. 1 . We study the transverse excitations given by Eq. ͑21͒ and find the following eigenvalue equation to be fulfilled by ␦m nl (s):
͑31͒
As in the isotropic case a zero energy solution corresponding to the static vortex solution is trivially given. What is new in the anisotropic case is that now bound excitations do exist with ϽV(ϱ). Some of them are shown in Fig. 2 .
In Fig. 3 we plot as a function of the anisotropy parameter ␦ the energy of the lowest excited state ␦m 01 above the ever present zero energy mode ␦m 00 . It is seen how ␦m 01 evolves from the scattering resonance, the resonance, discused in Sec. III A with ϭV(ϱ) at the isotropic point ␦ ϭ0 to a strongly bound state with ϭ0 at ␦ ϭϪ1, the largest negative value allowed. At this point the excited state thus coincide energetically with the zero energy state indicating the phase transition from superconductivity to antiferromagnetism-the gap of the excitations has collapsed.
Our calculations thus lead to the following prediction. When ␦ is made positive the potential widens as in the case of negative ␦ , however, at the same time the asymptotic value drops. As a result no excitations are bound in the potential. In the case of negative ␦ the potential narrows down, but although the asymptotic value rises, it does not rise enough to bind any excitations.
It should be added that this change in the asymptotic value of V due to ␦ is in accordance with the result for the resonance in a bulk superconductor without the presense of vortices. In the dimensionless units of the problem, see Eq. ͑23͒, the frequency of the resonance is given by
Inserting the values ␦ ϭϪ0.005, 0, and 0.005 we find 2.14,
1.00, and 0.47, respectively, as V(ϱ) in Fig. 1 .
IV. GOLDSTONE MODES
In Sec. III we studied the zero energy modes and the excitations of the antiferromagnetic order parameter m in the superconducting vortex core. The zero energy modes ␦n x and ␦n z in Eq. ͑21͒ were found to be degenerate gapless Goldstone modes. This degeneracy is a result of two approximations, one being the neglect of the Zeeman interaction between m and the external magnetic field B, the other being the neglect of interlayer interaction between the spins. In this section we show how the degeneracies are lifted and massive Goldstone modes appear when the approximations are abandoned.
A. Coupling of core excitations to the external magnetic field
The primary effect of the external magnetic field B ϭBe z on the system is the creation of superconducting vortices through the interaction with the superconducting order parameter . To a good approximation the antiferromagnetic core described by m can be treated disregarding the Zeeman coupling between B and m. We now take this coupling into account. Using standard field theoretic methods 24 the spin operator Ŝ j acting on site j can be expressed by a classical field h j ,
where sϭ1/2 and Qϭ(a Ϫ1 ,a Ϫ1 ,c Ϫ1 ) is the antiferromagnetic ordering vector. We then have exp͓iQ•R j ͔ϭ(Ϫ1) j , i.e., 1 on sublattice A and Ϫ1 on sublattice B. Since the system is close to be completely antiferromagnetically ordered h j is written as
where l j denotes a small ferromagnetic component on top of the antiferromagnetic background m j . Both l j and m j are slowly varying fields in space. The rapid antiferromagnetic variation from site to site is explicitly taken into account by prefactors (Ϫ1) j . The smallest deviation possible is obtained by having l j perpendicular to m j , and since h j is normalized to unity, we obtain to lowest order in l j that
The Hamiltonian Ĥ B corresponding to the coupling between the spins and B is Only the ferromagnetic component yields a nonzero contribution to the sum, and after taking the continuum limit we end with a Lagrangian density L B given by
The appearance of a nonzero ferromagnetic component l(r) leads to a loss of antiferromagnetic ordering energy. This has to be included in the description through the Hamiltonian Ĥ AFM describing the spin-spin interaction:
Performing the sum and taking the continuum limit results in the Lagrangian density L AFM ,
The constraint l j •m j ϭ0 is incorporated through a Lagrange multiplier Ј and we end with the following Lagrangian density LЈ of the magnetic effects
͑40͒
An effective Lagrangian L mB (m) for the interaction between m and B is found from the partition function Z ϭ͐Dm͐Dl͐DЈexp͓iS(m,l,Ј)/ប͔ϭ͐Dm exp͓iS eff (m)/ប͔ from which the final result can be extracted after integrating out l and Ј:
where ⌫ϭ(g* B ) 2 /(4Ja 2 ). Adding L mB to the Lagrangian of the anisotropic case L ani leads to the following eigenvalue equation for an excitation ␦n ␤ ϭ␦me ␤ , with ␤ϭx or z,
2 e z •e ␤ͬ ␦m. ͑42͒
As was the case for Eq. ͑23͒ two eigensolutions proportional to m can now be found . One mode has ␤ϭx ͑i.e., e z •e ␤ ϭ0) and remain a zero energy mode:
The other mode has ␤ϭz ͑i.e., e z •e ␤ ϭ1), resulting in a nonzero energy, which can be estimated by setting B ϭ⌽ 0 / L 2 and using the parameters of Table I :
We can thus conclude that the presense of the external magnetic field in fact does break the degeneracy of the two gapless Goldstone modes, leaving only one mode gapless while rendering the other massive. The rather small value of the gap, 5.9 eVϷ68 mK, would be very difficult to observe in a neutron scattering experiment. It is two orders of magnitude smaller than the resonance, and hence it is seen to be a good approximation to disregard the interaction between the external magnetic field and the antiferromagnetic order parameter.
B. Interlayer coupling
To this point we have only treated one single CuO plane. Naturally, to stabilize the order parameter, interaction between the layers has tacitly been assumed. In this section we are explicitly going to include that part of the interlayer coupling which arises from the antiferromagnetic coupling between the CuO planes. We model this coupling by a Hamiltonian Ĥ Ј, where spins at site j in the CuO plane are interacting with the closest spins in the neighboring planes Ϯ1 as follows:
The interlayer coupling JЈ is much smaller than the intralayer coupling J, namely JЈӍ4ϫ10 Ϫ5 J. 25 In this specific model there is no coupling between sites having different in-plane index j, and we are led to consider 1D spin chains perpendicular to the planes. As before, see Eqs. ͑33͒ and ͑34͒, the spins are represented by the classical fields h,m, and l:
Henceforth, we drop the site index j and focus on just one of the spin chains. The Hamiltonian HЈ is now expressed in terms of the classical fields, and in the continuum limit we obtain the form
Defining ⌬m ϭm Ϫm Ϫ1 we obtain the following form of the Lagrange density, L ilc for the interlayer coupling:
As in Sec. IV A, excitations ␦m in the order parameter mϭme y are sought in the perpendicular directions e x and e z . The motion in these two directions is independent of each another, and we write the excitations ␦m ␤ ,␤ϭx or z, as ␦m ␤ ͑͒ϭ ␤ ͑͒e ␤ ,
͑49͒
where the amplitude ␤ () is m times the ͑small͒ angle by which the order parameter m in plane is tilted away from its equilibrium position. The eigenmodes are found by the Fourier transformation
where N c is the number of CuO planes in the sample. Because of the Fourier transform it is more natural to work with Lagrange functions, Lϭ͐Ld 2 r, rather than Lagrange densities. However, in the end by dividing L with N c 2 , the number of planes times the effective area of a vortex, the Lagrange function is rendered into a Lagrange density. The resulting Lagrangian density L ilc (2) (␦m ␤ ) thus becomes
where, after using ϭប 2 /8Ja 2 , the eigenfrequencies k,␤ are seen to be
The interlayer coupling thus splits the 2N c -fold degenerate Goldstone modes in a stack of N c vortices. The two kϭ0 modes, 0,␤ ϭ0, remain zero energy modes. However, since k,(x,z) ϭ 2Ϫk,(x,z) , the rest of the modes, kϾ0, split up in a quasi continuous band consisting of N c /2Ϫ1 fourfold degenerate massive Goldstone modes. The most massive modes are found for kϭ/c with an energy ប /c,␤ ϭͱ8JЈJӍ2.2 meVϷ26 K. ͑53͒
We conclude that also the interlayer coupling produces only minor effects in the excitation spectrum as compared to the excitation, however, the estimated splitting of 2.2 meV is resolvable with the existing neutron scattering spectrometers. For bilayer compounds such as YBCO we note that there are two interlayer coupling constants. One, JЈ, for the coupling within the bilayer, and another, JЉ, for the coupling between different bilayers. Since JЈ dominates in this case a simple two-layer version of the N-layer model suffices and the splitting is found to be identical to the optical magnon gap known experimentally to be 74 meV. 21 For completeness we finally note that the combined effect of the external magnetic field and the interlayer coupling on the Goldstone modes is given by ϭͱ ␤ 2 ϩ k,␤ 2 .
V. CONCLUSIONS
The excitations in the antiferromagnetic cores of superconducting vortices in the SO͑5͒ model have been studied. By examining the existing literature on experimental results connecting to the values of the parameters of the model, we have found that the stiffnesses in the charge and spin sectors are nearly identical, c Ϸ s , and likewise for the susceptibilities, c Ϸ s . This remarkable fact serves as good support of the idea of the existence of a SO͑5͒ symmetry in the high-T c cuprates.
Under the assumption that the antiferromagnetic core is the ground state configuration for the superconducting vortex we have predicted within the SO͑5͒ model that bound localized excitations exist when asymmetries arise between the sector of the parameters and the spin and charge sectors. If they exist, these excitations could be observed in neutron scattering experiments as side peaks to the already observed excitation, side peaks with an amplitude proportional to the number of vortices and thereby proportional to the applied external magnetic field.
Finally, we have predicted the splitting of the degenerate zero energy mode as a function of applied magnetic field and the interlayer coupling. The effect of the magnetic field is minute, only a few eV, and thus not possible to detect with present day neutron scattering technology. The effect of the inter-layer coupling, on the other hand, is of the order of 2 meV and hence detectable in inelastic neutron scattering experiments. The test of the existence of these core excitations would constitute a crucial test of the SO͑5͒ model. The expected signal should only be present in the superconducting phase, and it should be proportional with the number of vortices, i.e., with the applied magnetic field.
